Perfect and almost perfect matchings Strong matching preclusion a b s t r a c t
Introduction
A matching of a graph is a set of pairwise nonadjacent edges. For a graph with n vertices, a matching M is called perfect if its size |M| = n 2 for even n, or almost perfect if |M| = n− 1 2 for odd n. A graph is matchable if it has either a perfect matching or an almost perfect matching. Otherwise, it is called unmatchable. Throughout the paper, we only consider simple graphs, that is, graphs with no parallel edges or loops. For graph-theoretical terminology and notation not defined here, we follow [3] .
Let G = (V (G), E(G)) be a graph. A set F of edges in G is called a matching preclusion set (MP set for short) if G − F has neither a perfect matching nor an almost perfect matching. The matching preclusion number of G (MP number for short), denoted by mp (G) , is defined to be the minimum size of all possible such sets of G. The minimum MP set of G is any MP set whose size is mp (G) . A matching preclusion set of a graph is trivial if all its edges are incident to a single vertex.
Since the problem of matching preclusion was first presented by Brigham et al. [6] , several classes of graphs have been studied to understand their matching preclusion properties [8] [9] [10] [11] 15, 17, 19 ]. An obvious application of the matching preclusion problem was addressed in [6] : when each node of interconnection networks is required to have a special partner at any time, those that have larger matching preclusion numbers will be more robust in the event of link failures.
Another form of matching obstruction, which is in fact more offensive, is through vertex failures. As an extensive form of matching preclusion, the problem of strong matching preclusion was proposed by Park and Ihm in [16] . A set F of vertices and/or edges in a graph G is called a strong matching preclusion set (SMP set for short) if G−F has neither a perfect matching nor an almost perfect matching. The strong matching preclusion number (SMP number for short) of G, denoted by smp (G) , is defined to be the minimum size of all possible such sets of G. The minimum SMP set of G is any SMP set whose size is smp (G) . Note that the strong matching preclusion is more general than the problems discussed in [1, 13] , which considered only vertex deletions. k n (k ≥ 2 and n ≥ 1) is a graph consisting of k n vertices, each of which has the form u = δ 1 δ 2 . . . δ n , where 0 ≤ δ i ≤ k − 1 for 1 ≤ i ≤ n. Two vertices u = δ 1 δ 2 . . . δ n and v = λ 1 λ 2 . . . λ n are adjacent if and only if there exists an integer j, 1 ≤ j ≤ n, such that δ j = λ j ± 1(mod k) and δ i = λ i , for every i ∈ {1, 2, . . . , n} \ {j}. Such an edge (u, v) is called a j-dimensional edge. For clarity of presentation, we omit writing ''(mod k)ïn similar expressions for the remainder of the paper. Note that each vertex has degree 2n when k ≥ 3, and degree n when k = 2. Obviously, Q k 1 is a cycle of length k, and Q 2 n is an n-dimensional hypercube. We say that Q A graph is bipartite if its vertex set can be partitioned into two subsets X and Y such that every edge has one end in X and one end in Y . Denote by |G| the number of vertices in a graph G. A path is a simple graph whose vertices can be arranged in a linear sequence in such a way that two vertices are adjacent if they are consecutive in the sequence, and are nonadjacent otherwise. The length of a path is the number of its edges. The path is odd or even according to the parity of its length. Let G 1 and G 2 be two graphs.
. A path or a cycle which contains every vertex of a graph is called a Hamiltonian path or Hamiltonian cycle of the graph. A graph is Hamiltonian if it has a Hamiltonian cycle. A graph G is Hamiltonian connected if, for two arbitrary vertices x and y in G, there is a Hamiltonian path connecting x and y. Let F be a faulty set in a graph G which contains vertices and/or edges. Let k be a positive integer.
In this paper, we investigate the problem of strong matching preclusion for k-ary n-cubes. We shall establish the strong matching preclusion number and all possible minimum strong matching preclusion sets for k-ary n-cubes with n ≥ 2 and k ≥ 3.
Main results
We first study strong matching preclusion for Q k 1 . Recall that Q k 1 is a cycle of length k when k ≥ 3. We have the following result. 
. By the definition of Q k n , there exists some j ∈ {1, 2, . . . , n} such that δ j = λ j ± 1(mod k) and δ i = λ i for i ∈ {1, 2, . . . , n}\{j}. Since k is even, δ j and λ j have different parities, which implies that 
has a Hamiltonian path. Note that an odd path has a perfect matching, while an even path has an almost perfect matching. Therefore, Q k n − F is matchable, which means that smp(Q k n ) > 2n − 1. Combining this with Proposition 1.
In the following, we shall classify all minimum strong matching preclusion sets for k-ary n-cubes with n ≥ 2 and odd k ≥ 3. We claim that all minimum strong matching preclusion sets are trivial. Given the recursive structure of k-ary n-cubes, the natural method is to use induction. The first step is to check the base case by case-by-case analysis. Then, combining the basis of the induction with Hamiltonicity of faulty k-ary n-cubes, we will prove that Q k n (n ≥ 2 and odd k ≥ 3) is super strong matched by induction on n. set and the fault edge set, respectively. To prove our main result, it is enough to show that either Q k 2 − F is matchable or F is a trivial strong matching preclusion set, where no fault edge in F is incident to any fault vertex in F . We consider five cases, depending on the value of |F v |. Without loss of generality, assume that 
Assume that C 0 − F v can be partitioned into the set M 0 of paths of length 1. 
cycle which contains at most one fault edge. So there exists a perfect matching M * containing no fault edges of
be the fault vertex which is not in C 0 . C 0 − {u 0 , v 0 } can be divided into an odd path P 0 and an even path P 1 . We consider two subcases. 
has a perfect matching containing no fault edges, which is a perfect matching in
we have k ≥ 5, and there exists a terminal vertex y 0 of P 1 such that e ̸ = (y 0 ,
In this case, k ≥ 5. By symmetry, say that i is even. Assume that |P 1 | = 1 (say P 1 = y 0 ) and e = (y 0 , y 1 ). Now, C 0 − {u 0 , v 0 , y 0 } can be partitioned into the set M 0 of paths of length 1. Let M k−1 be the perfect matching of
Assume that there exists a terminal vertex y 0 of P 1 such that e ̸ = (y 0 , y 1 ).
and y j ∈ V (C j ) be the other two fault vertices, where 0 < i < j ≤ k − 1. If x 0 = y 0 = z 0 , then, similar to the proof of Case 2.1, we can obtain a perfect matching in Q k 2 − F . If two of x 0 , y 0 , and z 0 are the same, then, similar to the proof of Case 2.2, F is a trivial strong matching preclusion set or we can obtain a perfect matching in Q k 2 − F . Next, assume that x 0 , y 0 , and z 0 are three distinct vertices in C 0 . Without loss of generality, assume that e is not a 1-dimensional edge.
Suppose that C 0 − {x 0 , y 0 , z 0 } can be partitioned into the set M 0 of paths of length 1. Let M t be the corresponding matching to M 0 for t = 1, 2, . . . , k − 1. Let M w be the matching saturating
Suppose that C 0 −{x 0 , y 0 , z 0 } can be partitioned into the set M 0 of paths of length 1 plus two single vertices u 0 and v 0 , both of which are adjacent to one of x 0 , y 0 and z 0 , say x 0 . Let M t be the corresponding matching to M 0 for t = 1, 2, . . . , k−1. Let M w be the matching saturating C (w) − w for each w ∈ {y j , z 0 }. Let M s i be the matching saturating C (
is a cycle which contains at most one fault edge.
So there exists a perfect matching M * containing no fault edges of
Clearly, there is no fault edge in 
Recall that no fault edge is incident to x 0 . We have k ≥ 5. Note that there is exactly one fault edge e which is not in C 0 . Let M 2 and M k−2 be the perfect matchings of C 2 − x 2 and (a 1 , b 1 ) is not the fault edge in C 1 , and {(
Assume that there is one fault 1-dimensional edge e 1 . Without loss of generality, assume that |F e ∩ M 0,1 | = 0. Let e 2 be the other fault edge. If
Consider that e 2 ̸ = (x 1 , a 1 ) and e 2 ∈ M ′ , which implies that e 2 ∈ M 2 , say a 1 ) , and denote the perfect matchings of
Note that |F e | = 3 and that there is at most one fault 1-dimensional edge. We have 2
Next, assume that (a j+1 , b j+1 ) is a fault edge; then M ∪ { (a j , b j ), (a j+1 , a j+2 ),  (b j+1 , b j+2 ), (a j+3 , b j+3 )}\{(a j , a j+1 ), (b j , b j+1 ), (a j+2 , a j+3 ), (b j+2 , b j+3 )} is a perfect matching in Q k 2 −F . Consider that e ∈ M and (a j , b j ) and (a j , d j ) are fault edges, where {b j , d j } = N C j (a j ). If j = 1 and a 0 = x 0 , then F is a trivial strong matching preclusion set. If j = 1 and a 0 ̸ = x 0 , say (a 0 , u 0 ) ∈ M 0 , then M ∪ { (a 0 , a 1 ), (u 0 , u 1 ), (a 2 , u 2 )}\{(a 0 , u 0 ), (a 1 , a 2 
} is an almost perfect matching in G with w missed. According to the above discussion, the lemma is clearly true.
if there is no ambiguity) denotes the subgraph of Q k n which is induced by {u :
Lemma 3.4 ([20]). Let i, j
∈ [0, k − 1], and let F ⊆ V (Q [i, j]) ∪ E(Q [i, j]) be a faulty set with |F | ≤ 2n − 2. For any l ∈ [i, j], let F l = F ∩ (V (Q [l]) ∪ E(Q [l])). If Q [l] − F l
is Hamiltonian connected for every l ∈ [i, j], then there exists a Hamiltonian path connecting two arbitrary vertices u i
Before we prove the strong matching preclusion result for Q k n with its fault set F , we define an approach to find a perfect matching or an almost perfect matching in Q k n −F as follows: we find a fault-free matching M saturating a subset V ⊆ V (Q k n ). 
where F v and F e are the fault vertex set and the fault edge set, respectively. To prove our main result, it is enough to show that either Q k n − F is matchable or F is a trivial strong matching preclusion set, where no fault edge in F is incident to any fault vertex in F . . We consider two subcases.
In this case, F ′ 0 cannot be a trivial strong matching preclusion set in 
Recall that there is exactly one fault d-dimensional edge. We have that either (u 0 , u 1 ) or (u 0 , u k−1 ) is not a fault edge. Without loss of generality, assume that (u 0 
Suppose that both (x 0 , x k−1 ) and (x 0 , x 1 ) are faulty. If 
Then P is an odd path, and so P has a perfect matching M p . Then M ∪M p \{(v 0 , u 0 )} gives an almost perfect matching of Q k n −F . Suppose that at least one of (x 0 , x k−1 ) and (x 0 , x 1 ) is not faulty. Without loss of generality, assume that (x 0 , x 1 ) is not faulty, and so x 1 is not a fault vertex in Q [1] − F 1 . We first consider the case that there exists exactly one fault vertex in F \F 0 . By Lemma 3.4, there exists a Hamiltonian path P 0 connecting x 1 and w 1 ) ∈ E(C ) such that (u 1 , u 2 ) is not faulty. By Lemma 3.4, there exists a Hamiltonian path P 0 connecting u 2 and
with P gives a perfect matching or an almost perfect matching of is not faulty. Similar to the above discussion, we can obtain a perfect matching or an almost perfect matching of u 2 ) is not faulty. By Lemma 3.4, there exists a Hamiltonian path P 0 connecting u 2 and 
Conclusion
In this paper, we have studied the strong matching preclusion for k-ary n-cubes. We have established the strong matching preclusion number and all possible minimum strong matching preclusion sets for k-ary n-cubes with n ≥ 2 and k ≥ 3. The results can be used in robustness analysis for the k-ary n-cube network with respect to the property of having a perfect matching or an almost perfect matching.
